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1. INTRODUCTION
Let G be a connected split reductive group defined over a finite field Fq.
Let T be a maximal torus of G defined over Fq and B be a Borel subgroup
defined over Fq containing T. Then W=NG(T)/T is the Weyl group of G.
Let (F, D) be the root system of G, with D as a set of simple roots.
Let F+ be the subset of positive roots. We have F=F+2 −F+. Let
D={a1, a2, ..., an} where each ai is a simple root and n is the semisimple
rank of G. The standard parabolic subgroups (the parabolic subgroups
containing B) of G are in bijective correspondence with the subsets J … D.
Let PJ be the standard parabolic subgroup of G corresponding to J and let
WJ be the ‘‘parabolic subgroup’’ of W generated by the reflections corre-
sponding to the simple roots in J.
The aim of this paper is to understand certain generalizations of the
Steinberg representation of G(Fq). The Steinberg representation is the
complex irreducible representation of G(Fq) of maximum possible dimen-
sion admitting a non-zero vector invariant under the action of the Borel
subgroup B(Fq). It can also be defined as follows (see [Ca, 6.2]):
StG= C
K … D
(−1) |K| IndG(Fq)PK(Fq)(1).(1.1)
More generally, fix a subset J of D, and define the ‘‘generalized Steinberg’’
representation as follows:
StPJG= C
J …K … D
(−1) |K−J| IndG(Fq)PK(Fq)(1).(1.2)
Clearly, when J=”, we get the original Steinberg representation.
By the work of Curtis, Iwahori, and Kilmoyer [CIK, Thm. 2.1]
EndG(Fq)(Ind
G(Fq)
PJ(Fq)
(1)) and EndW(Ind
W
WJ (1)) are isomorphic. Therefore, there
is a one to one correspondence between the irreducible representations of
G(Fq) appearing in Ind
G(Fq)
PJ(Fq)
(1) and the irreducible representations of W
appearing in IndWWJ (1). Thus the decomposition of St
PJ
G as a sum of irreduc-
ible G(Fq)-modules is equivalent to the decomposition of
YJ= C
J …K
(−1) |K−J| IndWWK (1)(1.3)
as a sum of irreducible W-modules. Note that when J is a maximal proper
subset of D, the sum in 1.3 has just two terms, one of which is the negative
of the trivial representation. By a theorem of Solomon [So, Thm. 2] the
representation YJ is genuine. Therefore, St
PJ
G is always a genuine represen-
tation, and EndG(Fq)(St
PJ
G ) and EndW(YJ) are isomorphic algebras. If r is
an irreducible component of YJ, then we denote by Pr the corresponding
irreducible component of StPJG .
There does not seem to be a uniform way of describing the decomposi-
tion of YJ. But by the works of Stanley [St], and Surowski [Su], the irre-
ducible components of YJ can be described for all classical groups. In this
note, we prove that StPJG decomposes as a multiplicity free representation
when G is of type An, Bn and Cn, and PJ is a maximal parabolic subgroup.
Moreover, we give the explicit decomposition of StPJG in these cases. When
G is of type Dn, E6 and E7, and PJ is a maximal parabolic subgroup with
abelian unipotent radical, we prove that StPJG decomposes as a multiplicity
free representation. In the case of E6 and E7, we describe the irreducible
components of StPJG using a work of Reeder [Re] on realizing Weyl group
representations on zero weight spaces of the highest weight irreducible
representations of corresponding simple algebraic groups.
2. THE DECOMPOSITION OF YJ FOR
CLASSICAL WEYL GROUPS
In this section we study the decomposition of YJ for the classical Weyl
groups. Let W be the Weyl group corresponding to an irreducible root
system F in a Q-vector space E (spanned by F) with a fixed set of positive
roots. Then E is in a natural way an irreducible Q[W]-module, called the
reflection representation of W. The exterior powers of E are mutually
inequivalent irreducible representations of W ([So]). Weyl groups of root
systems of type An (n \ 1), Bn (n \ 1) and Dn (n \ 2) are called the classical
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Weyl groups. (The Weyl group of Cn is same as that of Bn.) Throughout
this paper, we will keep the ordering of simple roots as in [Hu, III].
It is well-known that the irreducible representations of W(An−1)=Sn are
in one to one correspondence with the partitions of n. The irreducible
representation of Sn corresponding to the partition l will be denoted by Sl.
The irreducible representations of W(Bn) are in one to one correspondence
with the ordered pair of partitions (l, m) of combined size n. We call the
ordered pair of partitions (l, m) a double partition of n. The trivial repre-
sentation of W(Bn) is given by the double partition (0, n), while the sign
representation is given by the double partition (1n, 0). The irreducible
representation of W(Bn) corresponding to the double partition (l, m) will
be denoted by S (l, m). The irreducible representations of W(Bn) correspond-
ing to the double partitions (l, m) of n remain irreducible when restricted to
W(Dn) except when l=m. The restriction of representations corresponding
to (l, m) and (m, l) are the same. Thus the irreducible representations of
W(Dn) are in one to one correspondence with the unordered pair of parti-
tions (l, m) of n except when l=m. The irreducible representation of
W(Bn) corresponding to the partition (l, l) decomposes into two distinct
irreducible components of equal dimension when restricted toW(Dn).
The following remarkable theorem of Solomon [So, Thm. 4] describes
the isotypic component of type M i E in YJ.
Theorem 2.1 [So, Thm. 4]. Let J ı D and let YJ be as in (1.3). Let
M i E be the i-th exterior power of the reflection representation E ofW. Then,
we have
1. YJ is a genuine representation ofW.
2.
dimC HomW(YJ, M i E)=˛1 if i=n−|J|;0 otherwise.(2.1)
WhenW is a classical Weyl group, the irreducible components appearing
in YJ and their multiplicities can be determined combinatorially. We
briefly describe the method for the case ofW(Bn) andW(Dn) below.
Any parabolic subgroup ofW(Bn) is of the form
Wn=WJ=Sn1 ×Sn2 × · · · ×Snk ×W(Bn− |n|),(2.2)
where J=D−{an1 , an1+n2 , ..., an1+· · ·+nk}, n is a k-tuple (n1, n2, ..., nk) and
|n|=; ni. Let S (l, m) be the irreducible representation of W(Bn) correspond-
ing to the double partition (l, m) of n. In order to compute the multiplicity
of S (l, m) in YJ, Stanley introduced descent sets, as follows. Let (l, m) be a
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double partition of n. A double standard Young Tableau (DSYT) of shape
(T1, T2) is a pair of Young Tableaux of shapes (l, m) filled in with the
entries 1, 2, ..., n. If T is a DSYT of shape (l, m), then the descent set D(T)
is given by
Definition 2.2.
D(T)={i | i and i+1 both appear in the same tableau and i+1
appears in a row lower than i}0
{i | i appears in T1 and i+1 appears in T2,
or i=n and n appears in T1}.
(2.3)
The following theorem is due to Stanley.
Theorem 2.3 [St, Thm. 6.4]. Let W be the Weyl group of type Bn. Let
J ı D and letWn=WJ be a parabolic subgroup ofW as given in 2.2. Then the
multiplicity of S (l, m) in YJ is the number of DSYTs T of shape (l, m) with
D(T)={n1, n1+n2, ..., n1+n2+·· ·+nk}.
When W is the Weyl group of type Dn, the following results are due to
Surowski.
Proposition 2.4 [Su, 3.1]. Let J ı {a1, ..., an−2}, or {an−1, an} … J.
Then,
ResW(Bn)W(Dn)(YJ)=YJ(Dn).(2.4)
Proposition 2.5 [Su, 3.2]. Let an−1 ¥ J, an ¨ J. Then WJ=Sn1 ×Sn2
× · · · ×Snk , where n1+n2+·· ·+nk=n. Let Ni={n1, n1+n2, ..., n1+
n2+·· ·+ni} for 1 [ i [ k and N0=”. Then,
dimC HomW(Dn)(Res
W(Bn)
W(Dn)(S
(l, m)), YJ(Dn))=|X|− |Y|,(2.5)
where
X={T | T is a DSYT of shape (l, m) and D(T)=Nk },
Y={T | T is a DSYT of shape (m, l) and D(T)=Nk−1}.
(2.6)
When l ] m, the restriction of the irreducible W(Bn)-module S (l, m) to
W(Dn) remains irreducible. Thus when l ] m, the proposition above
determines the multiplicity of the irreducible W(Dn)-module S (l, m) in
YJ(Dn). When l=m, the restriction of the irreducible W(Bn)-module S (l, l)
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to W(Dn) decomposes as a direct sum of two distinct irreducible modules.
The corollary below describes a way to distinguish between these two
components.
Corollary 2.6. Let l=[mk, mk−1, ..., m1] be a partition of m, i.e,
mk \ mk−1 \ · · · \ m1 > 0, and ; mi=m. Let J be a subset of the set of
simple roots D of D2m such that D−J={a2m1 , a2m1+2m2 , ..., a2m1+2m2+· · ·+2mk}.
Then
dimC=HomW(D2m)(Res
W(B2m)
W(D2m)(S
(l, l)), YJ(D2m))=1.(2.7)
Proof. Since a2m ¥ J and a2m−1 ¨ J, we are in the situation of the Prop-
osition 2.5, and so it is enough to show that |X|=1 and |Y|=0.
Let T=(T1, T2) be a DSYT of shape (l, l) such that D(T)=Nk. Let Ik
be the set of 2mk consecutive integers from 2m1+·· ·+2mk−1+1 to 2m.
Since Ik 5 D(T)={2m}, if an integer p ¥ Ik is in T2, then all the integers
less than p in Ik are also in T2. Therefore, each Ik 5 Ti (i=1, 2) is a set of
consecutive integers, with those in Ik 5 T1 greater than those in Ik 5 T2. This
implies that the integers in Ik 5 Ti are such that those in the higher row of
Ti must be larger than those in the lower rows. Therefore, there can be at
most one element of Ik in each column of Ti. Since there are mk columns in
each Ti, the only way to put the integers in Ik in separate columns is to put
the largest mk integers in T1 and the remaining in T2. Now we see that there
is a unique way of filling in these integers. This is because the elements of Ik
must be placed at the bottom of their columns; larger integers in Ik are in
higher or equal rows and if two elements of Ik are in the same row then the
larger one is to the right. If k=1, then we have shown that |X|=1.
Otherwise, let T −i be the tableau obtained from Ti by removing the mk boxes
filled with integers in Ik 5 Ti. Let lŒ=[mk−1, mk−2, ..., m1]. Then
TŒ=(T −1, T −2) is a new DSYT of shape (lŒ, lŒ), with D(TŒ)=Nk−1. Now by
induction on k, it follows that |X|=1.
In the above proof that |X|=1, we see that (Ik−{2m}) 5 D(T)=”,
forces 2m to be in T1. Therefore |Y|=0. L
Let l and J be as in corollary 2.6. We will denote by S (l, l)+ the irreducible
component of ResW(B2m)W(D2m)(S
(l, l)) that occurs in YJ(D2m).
Proposition 2.7. Let W be the Weyl group of type An−1 or Bn, and
Jr=Jar=D−{ar}. Then YJr is multiplicity free and decomposes as follows.
(a) Let W be W(An−1). Let nk=[n−k, k] for 0 [ k [min{r, n−r}.
Then,
YJr= Â
k=min{r, n−r}
k=1
Snk.(2.8)
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(b) LetW beW(Bn). Let pŒ=min{p, n−r+1}, rŒ=max{2, min{n−r,
r+1}} for 1 [ p [ r. Let lp=[r−p+1] for 1 [ p [ r, m(p, k)=[n−r−
k+p, k−1] for 1 [ k [ pŒ, and mk=[n−k+1, k−1] for 2 [ k [ rŒ. Then,
YJr=1Âp=r
p=1
Â
k=pŒ
k=1
S (lp, m(p, k))2 À 1Âk=rŒ
k=2
=S(0, mk)2 .(2.9)
Proof. The case of An−1. LetW=WAn−1=Sn. Then,
YJr=Ind
Sn
Sn−r ×Sr (1)−1.(2.10)
Let l=[n−r] and m=[r]. By an easy application of the Littlewood–
Richardson rule ([Fu, 7.3]), we obtain
IndSnSn−r ×Sr (1)= Â
k=min{r, n−r}
k=0
Snk.(2.11)
Since the partition [n] corresponds to the trivial representation, we have
YJr= Â
k=min{r, n−r}
k=1
Snk.(2.12)
The case of Bn. Let W=W(Bn). By Theorem 2.3 the multiplicity of S (l, m)
in YJr is the number of DSYTs of shape (l, m) with the descent set {r}. Let
T=(T1, T2) be a DSYT with D(T)={r}.
Case (1). Let r ¥ T1. Then the pairs T=(T1, T2) such that D(T)={r}
are given by Fig. 1, where T1 corresponds to the partition lp=[r−p+1]
for 1 [ p [ r and T2 corresponds to the partition m(p, k)=[n−r−k+p,
k−1] for 1 [ k [ pŒ.
FIG. 1. 1 [ p [ r, 1 [ k [ pŒ.
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FIG. 2. 2 [ k [ rŒ.
Case (2). Let r ¥ T2. Then T=(T1, T2) such that D(T)={r} is given by
Fig. 2 with T1 corresponding to the empty partition l=0, and T2 corre-
sponding to the partition mk=[n−k+1, k−1] for 2 [ k [ rŒ. Thus,
YJr=1Âp=r
p=1
Â
k=pŒ
k=1
S (lp, m(p, k))2 À 1Âk=rŒ
k=2
S (0, mk)2 .(2.13)
As a result of the decompositions 2.12 and 2.13 we see that YJr is multipli-
city free. L
Proposition 2.8. Let W=W(Dn), and Jr=Jar=D−{ar} where
r ¥ {1, n−1, n}. Then YJr is multiplicity free and decomposes as follows.
(a) For r=1, we have
YJ1=S
([1], [n−1]) À S (0, [n−1, 1]).(2.14)
(b) Let r=n−1 or n. Let li=[n−i+1], mi=[i−1] for 1 [ i [ n.
Then
YJr=˛ Âi=N(n+1)/2Mi=1 S (li , mi) if n is odd;
Â
i=N(n+1)/2M
i=1
S (li , mi) À S ([n/2], [n/2])+ if n is even.
(2.15)
Proof. (a) Suppose r=1. The proof follows by applying propositions
2.4 and 2.7(b) for r=1.
(b) Let r=n, then WJn=Sn. The DSYTs T=(T1, T2) such that
D(T)={n} are given by Fig. 1 with r=n and k=1. Here T corresponds
to the ordered partition (li, mi) with 1 [ i [ n. Applying Proposition 2.5,
we see that for the ordered partition (li, mi) we have |X|=1 for 1 [ i [ n,
|Y|=0 for 2 [ i [ n, and |Y|=1 for i=1. Hence |X|− |Y| is 1 if 2 [ i [ n
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and is 0 if i=1. Let n be odd. Since the restricted modules corresponding
to (li, mi) and (mi, li) are the same, we have
YJn= Â
i=N(n+1)/2M
i=2
S (li, mi).(2.16)
If n is even, then l(n/2)+1=m(n/2)+1=[n/2]. By Corollary 2.6, we see that
S ([n/2], [n/2])+ occurs in YJn (Dn) with multiplicity one. Therefore,
YJn= Â
i=N(n+1)/2M
i=2
S (li, mi) À S ([n/2], [n/2])+ .(2.17)
The case r=n−1, is exactly the same. As a result of the decompositions
above, we see that YJr is multiplicity free. L
3. THE DECOMPOSITION OF GENERALIZED STEINBERG
Based on the results of the previous section, we give the decomposition
of StPJG when G is a group of type An−1, Bn or Cn and PJ is a maximal
parabolic subgroup. When G is of type Dn, E6 and E7 we give such a
decomposition when PJ is a parabolic subgroup with abelian unipotent
radical.
Theorem 3.1. Let G be a group of type An−1, Bn or Cn, and let Par=Pr
be a maximal parabolic subgroup of G. Then StPrG is multiplicity free.
Moreover,
StPrG=Â
r
Pr,(3.1)
where r varies over the set of irreducible components of YJr as given in
Proposition 2.7.
Proof. Since EndG(Fq)(St
Pr
G ) and EndW(YJr ) are isomorphic, the result
follows by Proposition 2.7. L
Let G be a simple algebraic group and P=PJ be a standard parabolic
subgroup corresponding to a subset J of the set of simple roots D of G. By
[RRS, Lemma 2.3] PJ has an abelian unipotent radical if and only if PJ is
maximal and the corresponding simple root a (J=D−{a}) occurs in the
highest root with coefficient 1. Thus for groups of type E8, F4, G2 there are
no parabolic subgroups with abelian unipotent radical. Let Pa denote the
parabolic subgroup corresponding to the subset Ja=D−{a}. Let Ua denote
the unipotent radical of Pa. LetWa denote the Weyl group generated by the
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reflections corresponding to the simple roots in D−{a}. Then by [RRS,
Thm. 2] there exists a maximal sequence of mutually orthogonal long roots
(b1, b2, ..., br) contained in the root system of Ua with the set
3ws=Di=s
i=1
wbi | 0 [ s [ r4 ,(3.2)
as a system of distinguished double coset representatives of Wa 0W/Wa,
where wbi denotes the reflection corresponding to the root bi. Each ws is
the unique element of minimal length in the double cosetWawsWa. It is easy
to see that ws’s are involutions.
Theorem 3.2. Let G be a group of type Dn, E6 or E7, and let Pai=Pi be
a maximal parabolic subgroup with abelian unipotent radical. Then StPiG is
multiplicity free.
Proof. As in the proof of Theorem 3.1, it suffices to show that YJi is
multiplicity free. In the case of Dn, the unipotent radical of Pi is abelian if
and only if ai ¥ {a1, an−1, an}. So for Dn the result follows from Proposition
2.8. Moreover,
StPiG=Â
r
Pr,(3.3)
where r varies over the set of irreducible components of YJi as given in
Proposition 2.8.
Let G be of type E6, or E7, and let a=ai, be such that Pai has abelian
unipotent radical Uai . Let Ji=Jai and Wi=Wai . Since the double coset
representatives ws are involutions, by [CIK, Thm. 3.1] EndW(Ind
W
Wi (1)) is
commutative, which implies that IndWWi (1) is multiplicity free. Therefore,
YJi=Ind
W
Wi (1)−1 is multiplicity free. Moreover, the number of irreducible
components appearing in IndWWi (1) is the number of distinguished double
coset representatives ofWi 0W/Wi.
LetW beW(E6). Then a is either a1 or a6, and in each caseWi isW(D5).
There are 3 distinguished double coset representatives of Wi 0W/Wi. By
Theorem 2.1, we know that E appears with multiplicity 1 in YJi . Keeping
the notations of [Ca, 13.3], Weyl group representations are labelled V(d, e),
where d is the dimension and e is the lowest degree of harmonic polyno-
mials in which V(d, e) appears. Let us consider the representation V(20, 2) of
W(E6).
Let Vl be the highest weight irreducible representation of the simple
complex algebraic group G(C) corresponding to the weight l of G(C). Let
T be a maximal torus of G(C). Then,
V0l={v ¥ Vl | t .v=v, -t ¥ T}(3.4)
affords a representation of the Weyl groupW=NG(T)/T.
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By [Re, Sect. 4], the representation V(20, 2) is realized on the zero weight
space of the irreducible representation of complex algebraic group E6
corresponding to the highest weight l1+l6. Therefore, V(20, 2)=V
0
l1+l6 .
From the tables in [MP], we see
ResE6D5 ×Gm (Vl1+l6 )
=Vl4+l5 À Vl1+l4 À Vl1+l5 À V2l1 À Vl2 À Vl5 À Vl4 À 2Vl1 À V0.(3.5)
Since V0 occurs as a subrepresentation of Res
E6
D5 ×Gm (Vl1+l6 ), V
0
0=1 occurs
as a subrepresentation of ResW(E6)W(D5)(V
0
l1+l6 ). Thus Res
W(E6)
W(D5)(V
0
l1+l6 )=
ResW(E6)W(D5)(V(20, 2)) contains the trivial representation ofW(D5). Hence,
YJi=Ind
W(E6)
W(D5)(1)−1=E À V(20, 2).(3.6)
Therefore,
StPiG=PE ÀPV(20, 2) .(3.7)
Let W be W(E7). Then a is a7, and Wa is W(E6). There are 4 distin-
guished double coset representatives of Wa 0W/Wa. By Theorem 2.1, E
appears with multiplicity 1 in YJa . By [Re, Sect. 4], the irreducible repre-
sentation V(27, 2) of W(E7) is realized on the zero weight space of the irre-
ducible representation of the complex algebraic group E7 corresponding to
the highest weight l6. Therefore, V
0
l6
=V(27, 2). As before, by tables in [MP]
we see that V0 occurs as a subrepresentation of Res
E7
E6 ×Gm (Vl6 ). Thus V
0
0=1
occurs as a subrepresentation of ResW(E7)W(E6)(V
0
l6
). Therefore ResW(E7)W(E6)(V
0
l6
)=
ResW(E7)W(E6)(V(27, 2)) contains the trivial representation ofW(E6).
Similarly, for the highest weight representation 2l7 of E7, we have
V02l7=V(21, 3) and Res
W(E7)
W(E6)(V
0
2l7 )=Res
W(E7)
W(E6)(V(21, 3)) contains the trivial
representation ofW(E6). Hence,
YJa=E À V(27, 2) À V(21, 3).(3.8)
Therefore,
StPaG=PE ÀPV(27, 2) ÀPV(21, 3) . L(3.9)
4. A CONSTRUCTION OF PMi E FOR GL(n, Fq)
In this section we show that the irreducible representation PMi E of
GL(n, Fq) can be constructed as a generalized Steinberg representation.
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Theorem 4.1. Let D be a system of simple roots for the root system
of type An−1 and W=Sn be the corresponding Weyl group. Let
Dk={a1, a2, ..., an−k}. Then St
PJ
G is irreducible if and only if J=Dk or
J −=D−J=Dk. Moreover, St
PDkG =PMk−1 E.
Proof. Since EndG(Fq)(St
PJ
G ) and EndW(YJ) are isomorphic, to prove
that StPJG is irreducible if and only if J=Dk or JŒ=Dk, it is enough to
prove that YJ is irreducible if and only if J=Dk or J −=Dk.
Let J be a subset of D such that JŒ={an1 , an1+n2 , ..., an1+· · ·+nk−1}. Then
WJ=Sn1 ×Sn2 × · · · ×Snk , where ; ni=n.
Let Rn denote the Grothendieck group of representation of Sn, and let
R=Án \ 0 Rn, with R0=Z. Let {V} ¥ Rn denote the class of a representa-
tion V of Sn. Define a product p : Rn×Rm0 Rn+m by the formula
{V} p {W}={IndSn+mSn ×Sm (V éW)}.(4.1)
This product makes R into a commutative, associative, graded ring with
unit. Let L denote the ring of symmetric functions over Z. The Frobenius
characteristic map ch: R0 L is an isomorphism of ring R onto L such that
ch(Sl)=sl, where sl denotes the Schur function corresponding to the par-
tition l ([Ma, I.7]). Moreover,
ch(IndWWJ (1))=ch(Ind
Sn
Sn1 × · · · ×Snk
(1))=hn1 · · · hnk ,(4.2)
where hi’s are the i-th complete symmetric functions ([Ma, I.7]). There-
fore,
ch(YJ)= C
J ıK
(−1) |K−J| ch(IndWWK (1))=det(hij),(4.3)
where (hij) is a k×k matrix such that
hij=˛hni+· · ·+nj if j \ i ;1 if j=i−1;
0 if j < i−1.
(4.4)
If J=Dk, then n1=n−k+1 and n2=·· ·=nk=1. Let l(k)=
[l1, l2, ..., lk]=[n−k+1, 1k−1]. Then hij=hli − i+j. Therefore,
ch(YDk )=det(hli − i+j)=sl(k),(4.5)
where the last equality follows from the Jacobi-Trudi formula ([Ma,
I.(3.4)]). Since ch is an isomorphism of R onto L mapping Sl to sl,
the above equality implies that YDk=S
l(k). Since Sl(k)=Mk−1 E ([Fu,
Ex. 7.11]), we have YDk=Mk−1 E. Therefore,
StPDkG =PMk−1 E.(4.6)
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Suppose J ] Dk and JŒ ] Dk. We will prove that in this case YJ is not
irreducible. Since the Frobenius characteristic of an irreducible representa-
tion is a single Schur function, it is enough to show that more than one
Schur functions sl appear in ch(YJ). For a partition n=[n1, ..., nr] of n
define hn=<=hni . Let a(l) denote the length of a partition l of n, and let
R denote the dominance partial ordering on the set of partitions of n
([Ma, I.1]). Clearly, if lR lŒ then a(l) [ a(lŒ). Let m denote the partition
corresponding to the k-tuple (n1, n2, ..., nk). Then the term hn in ch(YJ)
with a(n) maximum is hm=< hni . All other hn’s occurring in ch(YJ) have
a(n) strictly less than a(m). Since m ] l(k), there are partitions l( ] m) such
that lP m and a(l)=a(m). Expressing hn in terms of Schur functions as
hn=sn+C
lP n
Klnsl,(4.7)
where Kln are the Kostka numbers ([Ma, I.7]), we see that the Schur
functions sl’s with lR m and a(l)=a(m) occur only in hm in ch(YJ).
Therefore, ch(YJ) has more than one sl’s such that lR m and a(l)=a(m),
each occurring with positive multiplicity Klm. As ch(YJ) is not a single
Schur function, YJ cannot be irreducible. L
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